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ABSTRACT
In this paper we speak about Cartan-Kahler Theory and Applications to exterior differential system, we have shown
that some definitions, theorems and examples. Therefore, the results are derived from the proprieties of Cartan-Kahler
theory and Applications to exterior differential system, with the correspondence results that derived heuristically by
many authors.
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INTRODUCTION

In this paper, we focused to discuss how problems in differential geometry and partial differential equations can often
be reformed as problems about integral manifolds of appropriate exterior differential systems. More-over, in
differential geometry, particularly in the theory and applications of the moving frame and Cartan's methods of the
equivalence, the problems to be studied often appear naturally in the form of exterior differential system anyway.
This motivates the problem of finding a general method of constructing integral manifold. When the exterior
differential system I has a particularly simple form, standard differential calculus and the techniques of ordinary
differential equations allow a complete (local) description of the integral manifolds of 1.

KAHLER-ORDINARY AND KAHLER-REGULAR INTEGRAL ELEMENTS

Let Q a differential n-form on a m-dimensional manifold M. Let G,,(TM, Q) = {E € G,(TM)|Qg # 0}, where
G, (TM) is the Grassmanian of TM, i.e., the set of n-dimensional subspace of TM. We denote by V,,(1,Q) = V,(I) n
G, (TM, Q) the set of integral elements of I on which Qg # 0.

Definition (2.1):
An integral element E € V,,(I) is called Kahler-ordinary if there exists a differential n-form Q such that Qz # 0.
Moreover, if the function r is locally constant in some neighborhood of E, then is said K&hler-regular.

Example (1):
We will show that all of the 2-dimensional integral elements of I are Kahler-regular. Let Q = dx* A dx°. Then every
element E € G,(TR®, Q) has a basis{X,, X5} of the form
X,(E) =0/0x*+ pL(E)0/0x* + p2(E)d/0x? + p3(E)d/0x3
Xs(E) = 0/0x° + pi(E) 0/0x + pZ(E) /0x2 + p3(E) 0/0x3
the functions x?, ..., x5,pd, ..., p3 for a coordinate system on G,(TRS, ).Computation gives
W Adx®)Q = —pi
W Adx®)Q = pl + (23 — x*x5)
02 A dxM)Q = —p2 — (x3 + x*x°)
(92 Adx®)Q = p2
O3 Adxh)Q = —p3 + x*
O3 Adx>)Q = —p3 — x5

€y

(2)
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every point of V,(I) is kahler-ordinary. Since none of these elements has any extension to a 3-dimensional integral
element, it follows that v(E) = —1,V E € V,(I). Thus, every element of V,(I) is also kahler-regular.

INTEGRAL FLAGS, ORDINARY AND REGULAR INTEGRAL ELEMENTS
Definition (3.1)
An integral flag of I on z € M of length n is a sequence of integral elements E,of I: (0), c E; € --- C E, c T, M.

Definition (3.2)

Let I be an exterior differential system on M. An integral element E € V(1) is said ordinary if its base point z € M is
an ordinary zero of I, = I n A°(M) and if there exists an integral flag(0), c E; c - ¢ E,, = E c T,M where the
Ey, k < n— 1,are Kéhler-regular integral elements. Moreover, if E is Kahler-regular, then E is said regular.

Theorem (3.2): (Cartan's Test)

Let I ¢ A*(M) be an exterior ideal which doesn't contain 0-forms (functions on M). Let (0), c E; c - Cc E, ¢ T,M
be an integral flag of I. For any k < n, we denote by ¢, the codimension of the polar space H(E}) in T,M. Then
V,(I) c G,(TM) is at least of ¢y, ¢4, ..., c,,—, codimension at E,,. Moreover, E,, is an ordinary integral flag if and only
if E,, has a neighborhood U in G, (TM) such that V,,(I) n U is a manifold of ¢y + ¢; + -+ + ¢,,_; codimension in U.

Example (2): Using theorem (3.2)

We can give a quick proof the none-elements in V, (1) are ordinary. For any integral flag (0), c E; c E, c T,R5, we
know that ¢, < 2 since there are two independent 1-forms in I. Also, since E, < H(E,), it follows that ¢; < 3. Since
there is unique 2-dimensional integral element at each point of R> it follows that V,(I) has codimension six in
G,(TR®). Since ¢, + ¢; < 6, it follows, by theorem (3.2), that none of the integral flags of length two can be ordinary.
Hence there are no ordinary integral elements of dimension two.

Example (3)

Let M = R® with coordinates x*, x2, x3,u*, u?, u3. Let I be the differential system generated by the 2-form
9 = d(udx® + updx? + uzdx®) — (uydx? Adx® + updx® Adx! + ugdx® A dx?). 3)
Of course, I generated algebraically by the forms {9, d9}. Then, we have

d9 = —(duy Adx? Adx3 +duy, Adx3 Adxt + dug Adxt Adx?). 4)
We can use the theorem (3.2) to show that all of 3-dimensional integral elements of I on which Q = dx* A dx? A dx3
does not vanish are ordinary. Let E € V;(I,Q) be fixed with base point z € R®. Let (ey, e,, e5) be basis of E which is
dual of basis (dx?, dx?, dx3)of E*. Let E; be the line spanned by e, let E, be the 2-plane spanned by the pair {e;, e,},
and E; be E. Then (0), c E; c E, c E5 is an integral flag. Since I is generated by {39, d9}, it follows that ¢, = 0.
Moreover, since 9(v, e;) = t,(v)wheret; = du;mod(dx?, dx?, dx?), it follows that ¢; = 1. Note that, since E; c
H(E,), it follows that ¢, < 3. On the hand, we have the formula
I(v,ey) = 1,(v)
I(v,e;) = 7,(v) (5)
dd(v, ey, e;) = —13(v)
where in each case, t, = du;, mod(dx?, dx?, dx?3). Since the 1-form 7, are clearly independent and annihilate H (E,),
it follows that ¢, = 3. Combined with the pervious argument, we have ¢, = 3. It follows by theorem (3.2) that the
codimension of V;(I) in G3(TR®) at E is at least ¢, + ¢; + c; = 4. Now, we shall illustrate that V;(I, Q) is smooth
submanifold of G;(TR®) of codimension four, and thence, by theorem (3.2), conclude that E is ordinary. To do this,
we introduce functions p;; on G5 (TRR®, Q1) with the property that, for each E € G3(TR®, Q) based at z € R®, the forms
7; = du; — p;;(E) dx/ € T, (R®) are a basis for the 1-forms which annihilate E. Then the functions (x,u, p) form a
coordinate system on G5 (TR®, Q). It is easy to compute that
g = (P23 — P32 — u)dx? Adx® + (P31 — P13 — ux)dx® Adx® + (P12 — P21 — uz)dx' A
dx? (6)
d9g = —(P11 + P2z + P33)dx Adx? Adx3. 7
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It follows that the condition that E € G5(TRS, Q) be an integral element of I is equivalent to the vanishing of four
functions on G5 (TR, Q) whose differentials are independent. Thus, V;(I, ) is smooth manifold of codimension 4 in
G;(TRS, Q).

Proposition (3.3):

Let I N A*(M) an exterior ideal which don’t contains 0-forms. Let E < V,,(I) be an integral element of I at the
point z € M. Let w,, wy, ..., Wy, T1, Ty, -, Ts(Where s = dim M — n) be a coframe in an open neighborhood of z € M
such that £ = {v € T,M|t,(v) =0, Va=1,..,s}. For all p <n, we define E, = {v € E|lw,(v) =0, Vk > p}.
Let {@4, ..., ¢} be the set differential forms which generate the exterior ideal I, where ¢,, is of (dp + 1) degree. For
all p, there exists an expansion

Y, = ZTFI)A“’J'l'"N’P (8)
|]|=dp
where the 1-forms r,{ are linear combinations of thez's and the terms @,, are, either of degree 2 or more in thet's or
else vanish at z.
Moreover, we have the formula
H(E,) = {v € T,M|t,(v) =0, Vpandsup] < p} 9
In particular, for the integral flag (0), € E; c --- € E, N T,M of I, c,, is the number of the linear independent forms

{r/ﬂzsuch thatsup] < p}.

Theorem (3.4):(Cartan-Kahler)

Let! c A*(M) be areal analytic exterior differential ideal. Let P ¢ M a p-dimensional connected real analytic Kéhler-
Regular integral manifold of I. Suppose that r = r(P) = 0. Let R ¢ M be a real analytic submanifold of M of
codimension r which contains P and such that T,,R and H (T, P) are transversals in T,M,V x € P c M.

Then, there exists a (p + 1)-dimensional connected real analytic integral manifold Xof I, such that P ¢ X c R. Xis
unique in the sense that another integral manifold of I having the stated properties, coincides with X on an open
neighborhood of P.

STATEMENT AND PROOF OF CARTAN-KAHLER

The Cartan-kahler theorem depends on the fundamental existence theorem of Cauchy and Kowalevski dealing with
differential equations, and Cauchy-Kowalevski theorem uses the power series method. Consequently, Cartan-kéhler
theory is a real-analytic and local theory. This theorem is a coordinate-free, geometric generalization of the classical
Cauchy-Kowalevski theorem, which we state presently.

We shall use the indexranges 1 <i,j <nand 1<a,b <s.

Corollary (4.1): (Cartan-Kahler)
Let I be an analytic exterior differential on a manifold M. If E c T,M is an ordinary integral element of I, there exists
an integral manifold of I passing through z and having E as a tangent space at the point z.

Example (4):
As a simple illustration of the Cartan-k&hler theorem we consider the partial differential equation in the unknown
function u(x, y) given by
0%*u/dy? = du/ox (10)
onR® = {(x,y,u,p,q,7)} we put
Y9, =du—pdx—qdy an
9, =du—pdy—rdx
then the above partial differential equation translated to the closed exterior differential system on M = R® given by
A={9,9,,w; =dp Adx +dqAdy,w, =dp Ady + dr Adx}. (12)
Since 9; A9, # 0 then, every point is a regular integral point, and s, = 2. Fix an origin, 0 = (0, 0, ug, po, 90, 7o) €
M. To find an integral sub manifold

g(x) = (x,0,d'(x), ..., d*(x)) (13)
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we must solve
ou/ox =p, ddl/dx = ®2?,
dq/dx =r, dd3/dx = ¢*
with u = uy,q = goatx = 0. Let ®' and &3 be arbitrary real-analytic functions in x such that ®*(0) =
ugand®3(0) = q,. (We can specify u and du/dualong y = 0). Now, we have g(x). By taking a tangent vector
V= (1, 0,v,, vp,vq,vr) € M,. (15)
Then the equations 9, (v) = 9,(v) = Oimplies v, = py, v, = 1p. The dual polar space of Ej = [v] is spanned by
94,9, and the two 1-forms

(14)

lywy =V, dx —dp + 15 dy

16
lywy =V dx —dr +7,dy (16)
the polar matrix of these four 1-forms with respect to(dx, dy, du, dp, dq, dr) is
Po 90 1 0 0 0
o Po 0 0 -1 0
Vv o 0 -1 0 0 an
v v, 0 0 o0 -1

this matrix has rank four for any quadruple (po, 70, Vps vr). In particular,
So+5, =4, s, =2,
and g, = 0. Therefore, there exists a unique solution
fy) = (6y, F1(xy), ... F*(x,)),  with f(x,0) = g(x).(18)

PROLONGATION

Roughly speaking, the prolongations of a differential system are the differential system obtained by adjoining to the
original differential system its differential consequences. The concept of prolongation tower, which will be defined
below, gives an abstract formulation of the operation of the prolongation. A general conjecture of ElieCartan, [2],
proved by Kuranishi, [3], for a wide class of differential systems, state that an analytic differential system with
independence condition it's takes a finite number of prolongations for it to be either involutive or incompatible, or has
no solutions. This result is known as Cartan-Kuranishi Theorem. The proof of Cartan's conjecture has been given
under a different set of hypotheses in the treatise [1]. Our purpose is to review some of the basic aspects of the
prolongation theorem. We assume that all manifolds and the differential systems under consideration are of class €.
The prolongation tower of an exterior differential system with independence condition (I/,Q) on an n-dimensional
manifold M is defined as a follows. Let f: W, — M be an immersion and let f.: W, — G,(M) denote the map into the
Grassmann bundle of p-planes in TM determined by f. The Grassmann bundle G, (M) is endowed with a canonical
exterior differential system ¢ defined the property that £,"C* = 0 for any immersion f: W, — M. Using affine
fiber coordinates (x!, u% u¥), 1 <i <p, 1 < a < n, on Grassmann bundle G, (M), the system €W js defined as the

differential ideal generated by the 1-form
14

9% = duc — Zuf‘dxi. (19)
i=1
We choose component 1, (1) of the sub-variety of G, (M) defined by the p-dimensional admissible integral elements
of I and assume V,, (1) to be C manifold.

Definition (5.1):
The first prolongation of I is the exterior differential system IV defined by
10 =co o (20)
p

For notational simplicity, we use the notation M* to denote the I, (I). We also assume that the map 7*-°: (MD, 1) >
(M, I) is a C® submersion. The prolongation tower of I is then defined by induction,

Lk phk-1 21 710
——— sy (M(k),l(k))—>-~-—>(M(1),I(1))—>(M,I). (21
The infinite prolongation (M), 1¢)) of (M, I) is then defined as the inverse limit of this tower
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ME = limM®©, ) = U1<k>. 22)

k=0
We now present a statement of prolongation theorem as given in [7]

Theorem (5.2):
There exists an integer k such that for all I > k, each of these systems (19, 2%) is involutive. Furthermore, if M
is empty for some k > 1, then (1, ) has no n-dimensional integral manifolds.

Example (5):
Consider the system of partial differential equations of a single variable u = u(x, y, z) defined on R3
Uyy = Uyy = Uyy. (21)
Following the general procedure for transformation P.D.E. into exterior differential equations, the space we are
working with is hence formed by the following variables
o u (1 variable);
o x,y,z (3 variables);
O Uy, Uy, Uy, (3 variables),
O Upx = Uyy = Uyy, Uyy = Uyy, Uyy = Ugy, Uy, = Uy, (4 variables).
So the differential equation is defined on an 11-dimensional space formed by the variables above. The solution we
seek for is a 3-dimensional integral manifold for which dx A dy Adz # 0, i.e., there are 8 variables that need to
become dependent on x, y, z. The contact forms are
(w, = du—u,dx —u,dy — u,dz
Wy = AUy — Uy X — Uy dYy — Uy, d2z
_ (22)
{ Wy = duy — Uy dX — Uy, dy — U,,,dZ
| 0z = du, — uy,dx —uy,dy — uy,dz
which are set to zero. Recall that the zeros Cartan character s, is the number of the equations for which any linear
integral elements of the system must be satisfied while ignoring the dx, dy, dy, i.e., it is the rank of the matrix
/ du du, duy du, duy, duxy duyz du,, \
1 0

[ 0 0 0 0 0 0 |
[ o 1 0 0 0 0 0 0 [(23)
\0 0 1 0 0 0 0 0}

0 0 0 1 0 0 0 0

derived from the contact 1-forms, where the first row not part of the matrix. Obviously, this number is always equal
to the number of independent 1-form equations above (since we are not allowed to have linear independence among
the independence variables), and here we have s, = 4, even without forming the matrix explicitly.
Under exterior differentiation we have
(dw, = —du, Adx —du, Ady — du, Adz
dwy = —duy, ANdx — diy, Ady — du,, Adz
| dwy, = —duy, Adx — du,, Ady —du,, Adz
| dw, = —duy, Adx — du,, Ady — du,, Adz
Then, we will use the equations w,, = w, = w, = w, = 0, which give expressions for du, du,, du,,, du, to simplify
these equations. Then, we get

(24)

(dwu =0
dwy = —duy, Adx — diy, Ady — du,, Adz
{ dwy, = —duy, Adx — du,, Ady — du,, Adz (25)
kdwz = —duy, Adx — duy, ANdy — du,, Adz
Therefore s;, we give dx, dy, dz the values €, x, &;y, and &,z respectively, and s, + s; the rank of the matrix
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1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 (26)
0 0 0 1 0 0 0 0
0 0 0 0 &1x &gy 0 &z
0 0 0 0 &y gx &z 0

0 0 0 0 &2 0 &Y &X

and we have s, + s; = 7, hence s; = 3. Then, for s,, we form the matrix
du dux duy duz duxx duxy duyz duzx

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 &1x gy 0 &z @7
0 0 0 0 &y gx &z 0

0 0 0 0 &2 0 &Y &X

0 0 0 0 E2X &Yy 0 24

0 0 0 0 &2y Ex  &Z 0

0 0 0 0 &7 0 &Y  &X

The rank is 8, s0 s, = 1. Note that the matrix has already attained its maximal rank, so s; = 0. Obviously if we remove
the first four columns, which can be non-zero only for the first four rows since we must enforce the 1-form equations,
then we can calculate more easily the numbers s;, s; + s,, etc., which correspond to the ranks of the series of the

matrices stacked together.

Then, we can apply Cartan's test. This corresponds to sittinge;y = €,z = e,x = £,z = 0 above, and then the
characters can be read of directly from the 2-form equations as
S = 3(duxx, diy,y, duxz), Sy, = 1(duyz), s3 =0.(28)
s, corresponding to the independent forms which multiply dx, shown in parentheses, etc. Note that this shortcut works
also when we have higher order forms in our equations as long as the differentials of dependent variables enter only
linearly, i.e., we don’t have terms such as
du,, Adu, dx Ady A duy A du,,.
If such forms are present, we cannot use this shortcut and the calculation of even the reduced characters become very
difficult, since first we need to find the general 3-dimensional linear elements, which is already more difficult since
now there would be quadratic or higher order relations among the parameters, and then calculate using the elements,
the steps of calculation required being roughly quadratic in the total number of variables. Actually in such a case,
unless the number of variables is exceedingly small, a better way to proceed is to immediately effect a prolongation
so as to get rid of all of the original higher order form equations, and the new systems is guaranteed to include only
linear forms in the dependent variables.
We want to see the free parameters in an integral element
I(duxx = Unx AX + Uy AY + Uy, dZ
Auyy = UyyrdX + Uyy, dy + Uyy,dz
| Bz = Unza AX + Uy Ay + Uyz,d2z
(duy, = uypdx + uy,ydy + uy,,dz
The above expression holds 12 parameters. Substituting this back to the two form equations, we see that the free
parameters are

(29)
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Uyxx = uxyy = Uyzz
Uxxy = Uxyx = Uyzz
Uxxz = Uxzx = Uyzy (30
Uxyz = Uxzy = Uyzyx
so here the numbers of free parameters (N = 4), actually, even this substitution is unnecessary, since it is obvious that
the free parameters are just the independent third order partial derivatives ofu. We have
N=4<s;+2s,+3s; =5, 3D
So Cartans test fails, the system is not involutive and prolongation is necessary. We can also see where things could
go wrong as we laboriously wrote down the matrices: the real characters would correspond to matrices whose top-row
labels include also dx, dy, dz. Now already at s,, the rank of the reduced polar matrix is already constrained by the
number of columns, and if we have more columns the rank could grow further, and consequently imply linear
dependence among dx, dy, dz, which at the same time will imply the existence of further constraints on the free
parameters in the integral element than implied by the counting of reduced Cartan characters. If this happens, which
is the present case, it shows that the reduced character and real characters are not equal, and we are not in the involutive
case. Prolongation corresponds, on the other hand, adding to the labels du,,, du,,, du,,, du,,, so we will not be
constrained by the number of columns so soon.
Now, for prolongation we take Uy, Uxxy, Uxxz Uxy-10 bE the new variables, adjoining (29) to the list of one-form
equations (hence for the prolonged system, s, = 4 + 4 = 8), and we need to differentiate (29) to get some new two
forms equations (the original one are now all identities). We now have 11 + 4 = 15variables, and the number of
variables that we want to get rid of is 12. We have
I{dzuxx = AUy A AX + AUy Ady + dUiyy, Adz

d*Uyy = AUyyy A dX + dUyye Ady + dUiyy, Adz
| d*Uy; = AUy, Adx + dUiyy, A dy + Ay, Adz
tdzuyz = duyy, Ndx + duy,, Ady + duy,, Adz

(32)

For this new system, the reduced characters are
s =4 (duxxx, AUy, AUy, duxyz), s, =0, s3=0. (33)
S0 sy + 51 + 5, + s3 = 12, the number of dependent variables, as it should be.
For completeness, we give the polar matrix for calculating s, of which we have removed the columns
corresponding to du, du,, duy, du,, duyy, diy,, diy,, du,,
AUyry  AUyyy AUyyz  dUyy,

&1X &y &gz 0
&1y &1X 0 &17Z
&2 0 gx &Y
0 &7 gy &X% (34)
7%4 &y gz 0
&Y &2X 0 &z
£,2 0 &2X &Y
0 &2 &Y &3x

For the parameters,
Ifduxxx = uxxxxdx + uxxxydy + uxxxzdz

AUyyy = Ugryx@X + Uyyyy Ay + Uyyy,dz (35)
I duxxz = u’XXZde + uxxzydy + uXXZZdZ

| Qlhryz = Uy AX + Uyy 7y, AY + Uy, dz

again there are 12 of them. The free ones can be algorithmically obtained by substituting these expressions into the
two form equations, and we have

Uyxxx = Uxxyy = Uxxzz

Uyxxy = Uxxyx = Uxyzz
Uyxxz = Uxxzx = uxyzy (36)
Uyxxyz = Uxxzy = Uxyzx
so the number of free parameters is N = 4. Again, this substitution can be avoided by noting that the free parameters
are just the independent fourth order partial derivatives of u. Now
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N =4 =5, + 25, + 353, 37)

So Cartans test is satisfied, the system is involutive, and the general solution of the differential equation depends on
four functions of one variable, by the Cartan—K&hler theorem.

CONCLUSIONS

As a conclusion, in this paper we discussed the Cartan— Kéhler theorem and Applications to exterior differential
system. Our main tools, is the quantum mechanics of exterior differential system. We have shown that our results
coincide with previous results obtained by several authors. Our last observation was that, we can use the prolongation
tower of an exterior differential system with independence condition (7, Q) on an n-dimensional manifold M is defined
to solve differential equation depends on four functions of one variable, by the Cartan—K&hler theorem.
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